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Abstract 
We used the Eulerian-Eulerian modeling approach to investigate lateral solid dispersion in fluidized beds. To estimate the lateral 
dispersion coefficient (ܦ௦௥) we fitted the void-free solid volume fraction radial profiles obtained from the numerical simulations 
of multifluid models with those obtained analytically by solving Fick’s law. The profiles match very well. The values of  ܦ௦௥ 
obtained numerically are larger than the experimental ones, but the two do have the same order of magnitude. We believe that the 
overestimation is due to how we modeled the frictional solid stress; we used the kinetic theory of granular flow (KTGF) model 
for the frictional solid pressure and the model of Schaeffer[20] for the frictional solid viscosity. To investigate how sensitive the 
numerical results are on the constitutive model used for the frictional stress, we ran the simulations again using a different 
frictional stress model, and changing the solid volume fraction at which the bed is assumed to enter the frictional flow regime 
(߶௠௜௡ሻ. We observed from the results that ܦ௦௥  is quite sensitive to ߶௠௜௡ . This is because the latter influences the size and 
behavior of the bubbles in the bed. We obtained the best predictions for ܦ௦௥ when ߶௠௜௡ is 0.50. The results show that accurate 
prediction of lateral solid dispersion in fluidized beds depends on adequate understanding of the frictional flow regime, and 
accurate modeling of the parameters that characterize the latter, in particular the frictional pressure 
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1. Introduction 
    Gas-fluidized beds operating in the bubbling regime have extensive applications in the chemical process 
industries. This is because they offer excellent mixing within the solid phase and between the solid and gas phases, 
leading to good contact between the fluid and the particles, high heat and mass transfer, and high relative velocity 
between the fluid and the disperse phase. These properties of fluidized beds allow them to find applications in 
several industrial processes, such as combustion and polymerization. 
    The safe and efficient operation of large-scale fluidized beds depends on how well solid mixing is achieved in 
both lateral and axial directions. This is particularly obvious in fluidized bed combustors where lateral mixing of 
solid fuel affects the combustion efficiency and the formation of emissions. Olsson et al.[1] reported that inadequate 
lateral solid mixing in fluidized bed combustors is a potential cause of mal-distribution of conversion products, and 
this negatively affects the performance of the combustor. It therefore becomes crucial to ensure that the fuel spreads 
homogeneously across the bed. Good mixing in the axial direction is also necessary to ensure sufficient contact time 
between the solid fuel and oxygen. 
    There are several experimental and theoretical studies on solid mixing in fluidized beds. In these studies, authors 
focus on axial mixing, assuming that solid mixing in the lateral direction is uniform, and therefore neglecting its 
effects on bed dynamics. This assumption is valid for deep and narrow beds, where the bed height to diameter ratio 
is more than unity. In such beds it is reasonable to assume that concentration gradient will only exist in the axial 
direction. However in shallow beds, where the bed height to diameter ratio is less than unity, this assumption may 
not hold. This is because radial solid concentration gradient exists, and therefore lateral mixing cannot be neglected. 
Grace[2] emphasizes the importance of lateral solid mixing in shallow beds, stating that its knowledge is more 
important than that of axial mixing in assessing the performance of gas-solid fluidized beds. 
    Lateral dispersion of solids in fluidized beds was first studied by Brotz[3] in a shallow rectangular bed. He used 
two solids similar in physical properties but differing in colour. The solids were separated by a vertical partition 
plate which divided the bed into two equal parts. He fluidized the bed for a certain time and then removed the 
partition; by measuring the rate at which the two solids mix, he estimated the lateral dispersion coefficient. 
    Gabor[4] used a similar experimental method. Instead of using solids of different colour, he employed solids 
differing in magnetic properties. In the experiment, he used identical particles of copper and nickel, which have 
different magnetic behaviour but identical density, size and shape. He placed the solids in a rectangular vessel 
separated by a partition placed at the centre. Upon removing the partition, mixing took place on both sides of the 
centre line. After a time, he cut off the fluidizing gas and sampled the powder at known radial distances along the 
bed, thereby determining the concentration profiles along the latter. By resorting to the diffusion equation, he 
estimated the value of the lateral dispersion coefficient, ܦ௦௥ . He thus developed this empirical relationship for the 
latter: 
ܦ௦௥ ൌ ߙܦ ቈ
ሺݑ െ ݑ௠௙ሻ
݀௣ߝ ቉ሺͳሻ 
Here ߙ is  ͳǤʹʹ ൈ ͳͲି଺  ݂ݐ. D is the diameter of the vessel, ݀௣  is the particle diameter, ݑ  is the superficial gas 
velocity and  ݑ௠௙ is the minimum fluidization velocity. 
    Borodulya & Epanov[5] instead used heated particles as tracer to determine lateral solid dispersion coefficients in 
fluidized beds. They also divided the bed into two parts with a movable barrier: the heating chamber and the 
working chamber. They pre-heated a small portion of the bed to a temperature between 400oC and 600oC and poured 
it into the heating chamber. By measuring the time taken by thermocouples in different locations of the bed to show 
a temperature variation, they estimated the dispersion coefficient. They proposed this correlation: 
 ܦ௦௥ሺݑ െ ݑ௠௙ሻܪ௢ ൌ ͲǤͲͳ͵ ൬
ܦ௖
ܪ௢൰
଴Ǥହ
ቆሺݑ െ ݑ௠௙ሻ
ଶ
݃ܪ଴ ቇ
ି଴Ǥଵହ
ሺʹሻ 
 
where ܦ௖  is the equivalent diameter of the vessel, ܪ௢ is the bed height at rest, ݑ is the superficial gas velocity while 
ݑ௠௙ is the minimum fluidization velocity.  
    Shi & Fan[6] measured lateral dispersion of solids in rectangular fluidized beds by adopting a similar approach to 
that of Brotz[3]. They divided the bed into two equal parts through a removable partition inserted vertically in the 
bed. In one part they placed dyed particles, while in the other undyed ones. They fluidized the particles at constant 
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superficial gas velocity and quickly removed the partition when, in each part of the bed, the stable state of 
fluidization was reached. After fluidizing the particles for a certain time, they took samples of the suspension from 
different radial positions in the bed. By washing a weighed sample with a known amount of water, they then used a 
spectrophotometer to determine the concentration of tracer particles in the sample. From many experimental runs 
they obtained the following correlation for the dispersion coefficient: 
 ܦ௦௥൫ݑ െ ݑ௠௙൯݄௠௙
ൌ ͲǤͶ͸ ቈ൫ݑ െ ݑ௠௙൯݀௣ߩ௙ߤ௙ ቉
ି଴Ǥଶଵ
ቈ݄௠௙݀௣ ቉
଴Ǥଶସ
ቈߩ௣ െ ߩ௙ߩ௙ ቉
ି଴Ǥସଷ
ሺ͵ሻ 
where ߩ௣ and ߩ௙ are the densities of particle and fluid, respectively, ߤ௙ the fluid viscosity, ݀௣ the particle diameter 
and ݄௠௙ the height at minimum fluidization. 
    Bellgart et al.[7] estimated the lateral dispersion coefficient using carbon dioxide pellets as a tracer. The 
sublimation of the latter is an endothermic process that has a thermal effect on the bed and that forms gaseous ܥܱଶ 
which one can use to locate the tracer. They measured the temperature gradients in the bed and the concentration of 
evaporated carbon dioxide on the bed surface. From these experiments they obtained the following correlation for 
the lateral dispersion coefficient: 
ܦ௦௥ ൌ ܦ଴ ൅ ͲǤͲʹ͵
ͳ
ܪන
ߜ
ͳ െ ߜ
ு
଴
ට݃݀௕ଷ݄݀ሺͶሻ 
The value of ܦ଴ found from the experiments is  ͲǤ͸͹ ൈ ͳͲିଷ݉ଶȀݏ. ݃ is the acceleration of gravity, ܪ the expanded 
bed height, ߜ the bed bubble fraction and ݀௕ the equivalent spherical volume bubble diameter. 
    Kashyap & Gidaspow[8] summarized various experimental methods for estimating lateral dispersion coefficients 
as saline[9], ferromagnetic[10], thermal[5], radioactive[11], carbon[12] and phosphorescent[13] tracing methods. 
These empirical approaches have their limitations: in thermal tracking techniques the heat transferred to the fluid 
phase and walls makes it difficult to interpret the results; in radioactive tracing methods safety of equipment and 
personnel are of great concern; in phosphorescence tracking most successful applications are usually in dilute 
fluidized beds. For all solid tracer techniques, the common limitation is that repeatable results are only guaranteed if 
numerous runs of experiments are carried out, a condition that may not be practicable. In addition, experiments with 
solid tracers are difficult to perform because of lack of continuous sampling and presence of residual tracers. 
    There are also several experimental and theoretical studies in the literature on the lateral solid mixing, relating to 
the influence of geometry[14] and operating conditions[7] on lateral mixing in fluidized beds; but the understanding 
of how these parameters affect the dispersion coefficient is still limited. This is because the mechanisms governing 
solid mixing are quite complex and we still have to understand the fluid dynamic interactions in beds to achieve 
more accurate results. In this work, we adopt the Eulerian-Eulerian modeling approach to estimate the lateral solid 
dispersion coefficient. The model describes both the solid and fluid phases as interpenetrating continua. It consists 
of the continuity equations and linear momentum balance equations written for each phase. Therefore this approach 
does not introduce any assumption in the model, except for the constitutive equations used to close the evolution 
equations. Before going further, we clarify how ܦ௦௥  is defined in this work. 
2. Lateral dispersion coefficient – definition and estimation 
    Most researchers [3, 5, 6, 15] define ܦ௦௥  through an equation which is analogous to Fick’s law of molecular 
diffusion; in one dimension, they therefore write: 
 
߲௧ܥ ൌ ܦ௦௥ ௫߲௫ଶ ܥሺͷ) 
 
where ܥ  represents the void-free solids concentration and ܦ௦௥  represents the lateral dispersion coefficient. This 
equation, as just said, should be regarded as a definition of such coefficient. To determine ܦ௦௥  we considered a bed 
separated by a removable partition. The particles occupying the compartments differ only in colour (thus having 
same size and density). For instance, one can have black particles in the left compartment and white particles in the 
other. At time ݐ ൌ Ͳwe fluidized the bed, and waited for the latter to reach pseudo-stationary conditions. Then we 
removed the partition, allowing the particles to spread through the bed.   
 
    To determine the void-free solid concentration ܥ, appearing in Eq.5, we proceeded as follows: We divided the 
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bed into twenty vertical layers. In each layer we calculated the mean solid volume fraction, for instance of black 
particles, by averaging over the vertical coordinate. Thus, we obtained the radial void-free solid concentration 
profile. The latter is then fitted with the void-free concentration profile obtained from the analytical solution of Eq. 5. 
To solve Eq. 5 analytically we need to assign boundary and initial conditions. These are defined by the system 
configuration; at time ݐ ൌ Ͳ the bed is completely segregated implying, for instance, that all the particles at the left 
of the partition are black, and those to the right are white. We employed the boundary condition that there is no flux 
of particles at the wall. To determine ܦ௦௥ , therefore, we fitted the void-free solid concentration obtained analytically 
to the one obtained numerically. To obtain our numerical results we need to solve the Eulerian-Eulerian averaged 
equations. These equations are mathematically unclosed, and therefore must be closed with appropriate constitutive 
equations. The following section reports the governing equations, describing briefly the constitutive models 
employed to close the unclosed terms. 
3. Governing equations 
    The governing equations in this work consist of the laws of conservation of mass and linear momentum written 
for both the fluid and the solid phases, reported as follows: 
 
Continuity equation – Fluid phase 
߲௧ߝ ൌ െસ ή ߝ࢛ࢋሺ͸ሻ 
 
Continuity equation – Solid phase ݅ 
߲௧߶௜ ൌ െસ ή ߶௜࢛࢏ሺ͹ሻ 
 
Dynamical equation – Fluid phase 
߲௧ሺߝߩ௘࢛ࢋሻ ൌ െસ ή ሺߝߩ௘࢛ࢋ࢛ࢋሻ ൅ સ ή ࡿࢋ െ ݊ଵࢌ૚ െ ݊ଶࢌ૛ ൅ ߝߩ௘ࢍሺͺሻ 
 
Dynamical equation – Solid phase ݅ 
߲௧ሺ߶௜ߩ௜࢛࢏ሻ ൌ െસ ή ሺ߶௜ߩ௜࢛࢏࢛࢏ሻ ൅ સ ή ࡿ࢏ ൅ ݊௜ࢌ࢏ െ ݊௜ࢌ࢏࢑ ൅ ߶௜ߩ௜ࢍሺͻሻ 
 
 
    Here ݅  is a phase index, subscripts 1 and 2 identify the solid to the left and to the right of the partition, 
respectively (as reported in Section 2),ߩ௘ and ߩ௜, ߝ and ߶௜ are the densities and volume fractions of the fluid and 
solid phases, respectively, while ࢍ is the gravitational acceleration. Furthermore, ࢛ࢋ, ࢛࢏, ࡿࢋ, ࡿ࢏, ࢌ࢏, and ࢌ࢏࢑ are the 
averaged velocities, effective stress tensors and interaction forces per unit particle exerted by the fluid and by the 
݇th solid phase on the ݅th solid phase, respectively. The equations written above are unclosed; various terms need to 
be expressed constitutively. To close ࢌ࢏ we used the drag force closure of Mazzei[16]. For ࢌ࢏࢑ we employed the 
constitutive equations of Symlal [17], and for ࡿ࢏ we used the kinetic theory of granular flow. 
4. Boundary and initial conditions 
    The computational grid (uniform, with square cells of 5 mm side) is two dimensional; hence the front and back 
wall effects are neglected. On the left, right and middle walls, no-slip boundary conditions apply. At the bottom of 
the bed, a uniform inlet fluid velocity ݑ is specified. The fluid is ambient air. At the upper boundary, the pressure is 
set to ͳͲହܲܽ. On all the boundaries, the solid mass fluxes are set to zero. Initially, the bed is fixed and consists of 
two equal and adjacent compartments partitioned by a removable wall. Each compartment consists of solids having 
the same size and density; Solid-1 is placed on the left side and Solid-2 is placed on the right side of the partition. 
The voidage is set to 0.4 everywhere in the bed. We fluidize the solids in each compartment with the same 
superficial gas velocity for about three seconds until they reach stable fluidization, and then we remove the partition. 
To obtain the horizontal solid volume fraction profiles in the bed, we divide the bed into twenty equal vertical layers 
equally distributed over the horizontal direction and we compute the void-free solid volume fraction in each layer 
following the procedure reported in Section 2.  
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5. Results and discussion 
    We investigated the effect of superficial gas velocity on dispersion coefficients. To do this, we ran simulations at 
different values of superficial gas velocity, keeping the bed height at minimum fluidization conditions and the bed 
width at 0.6 m.  We report in Table 1 the operating conditions employed in this investigation.  
Table 1: Simulation parameters 
 
Vessel height 
(m) 
Bed width 
(m) 
Gas velocity 
(m/s) 
Particle density 
(kg/m3) 
Particle 
Diameter (μm) 
0.35 0.60 0.87-1.17 2620 491 
 
    We ran simulations at different superficial gas velocities, keeping the bed height at minimum fluidization at 5.23 
cm and the bed width at 0.6 m. We fitted the void-free mass fraction profiles obtained from our simulations with 
those obtained from Eq. 5 using the least square regression method, as reported in Section 2. In Figure 1 we report 
the profiles of void-free mass fraction obtained from Eq. 5 and those obtained numerically at ݐ ൌ ͷǤͲݏ. Similar 
profiles are found at other times, but we have chosen ͷǤͲݏ as representative time. We obtained a reasonable fit, as 
Figure 1 shows. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Void-free mass fraction profiles of Solid-1 for bed height 5.23 cm, keeping the superficial gas velocity and bed width at 0.87 m/s and 
0.60 m respectively. The ‘Fick’ profile is that obtained from analytical solution of  the Fick’s law, while the ‘Fluent’ profile is that obtained 
numerically. 
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      Table 2: Comparison of numerical results with experimental correlations 
 
 
u (m/s) 
Shi & Fan (1984) Borodulya et al. (1982) CFD 
ࡰ࢙࢘ ×  103   [m2/s] 
0.87 0.944 1.574 3.170 
0.97 1.054 1.735 3.990 
1.04 1.160 1.889 4.330 
1.17 1.265 2.039 4.700 
 
 
Figure 2: Snapshots of solid-1 volume fraction at 0.87 m/s. The minimum fluidization bed height is 5.23 cm, while the bed width is 0.60 m. The 
dashed line indicates where the bed ends and the freeboard begins 
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Figure 3: Snapshots of solid-1 volume fraction at 1.17 m/s. The minimum fluidization bed height is 5.23 cm, while the bed width is 0.60 m. The 
dashed line indicates where the bed ends and the freeboard begins 
    Figure 2 reports the snapshots of particle concentrations obtained from the simulations at a superficial gas 
velocity of ͲǤͺ͹݉ݏିଵ (about 4 times ݑ௠௙). The figure shows how particles placed at the left of the removable 
partition spread to the right. We observe from Figure 2 that the spread of the particles proceeds in a manner similar 
to what one would observe in, for instance, the molecular diffusion of ink in water; even though in this case the 
spread of the particles is induced primarily by bubbles. This diffusion-like spread of particles explains why we 
obtained a reasonable fit, in Figure 1, between our numerical results and those obtained from Eq. 5. The snapshots 
showing the contours of particle concentrations at superficial gas velocity of 1.17݉ݏିଵ (about 6 times ݑ௠௙) are 
reported in Figure 3. It is interesting to observe that the contours of solid volume fraction shown in Figure 3 are 
markedly different from those in Figure 2, even though the snapshots were taken at the same computational times. In 
Figure 3 we observe streams of solids transported into the freeboard in a region close to the bed surface. This is 
probably caused by the burst of bubbles and subsequent ejection of their solid content into the freeboard. As 
reported by Davidson & Harrison[18], particles are carried up through the bed in the bubble wakes, and when the 
bubble bursts, parts of the particles are spread on the surface of the bed. This kind of solid transport is not observed 
in Figure 2. This additional mechanism observed when the superficial gas velocity is larger contributes to the higher 
value of  ܦ௦௥  obtained at this velocity, as reported in Table 2. In Table 2 we report the values of ܦ௦௥  against 
superficial gas velocity, comparing our simulation results with those obtained from empirical correlations available 
in the literature. We observe that the values of dispersion coefficient increase as the superficial gas velocity 
increases. This is expected, because an increase in velocity induces more vigorous mixing in the bed, rendering solid 
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circulation more intense and enhancing lateral solid transport. As said, at higher superficial gas velocities an 
additional mechanism affects lateral mixing. This is the solid transport across the bed surface caused by bubble 
eruption. These observations were also reported by Kunii & Levenspiel[19]. 
    The values of the dispersion coefficient from our simulations have the same order of magnitude as the values 
yielded by the empirical correlations, but in all cases overestimate the latter. We believe that this is due to how we 
modelled the frictional stress in the bed. We used the frictional viscosity model of Schaeffer[20], with frictional 
pressure based on the kinetic theory of granular flow, and a frictional packing limit of 0.61. To investigate this, we 
used a different frictional stress model and frictional packing limit. The influence of these on our numerical results 
is now discussed in the following section. 
5.1 Effects of hydrodynamic models 
    In many fluidized bed applications there exist regions of high particle concentrations where particles interact with 
each other through frictional enduring contacts. Therefore using the kinetic theory to model the solid phase pressure 
in these dense regions create some problems; one of such problems, as reported by Passalacqua and Marmo[21], is 
that it leads to the overestimation of bubble size. Furthermore, the enduring contacts in these dense regions increase 
the effective viscosity of the granular assembly, making it higher than what we would have observed if particle 
interactions were binary and collisional, as assumed by the kinetic theory of granular flow (KTGF). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: Lateral dispersion coefficient at different superficial gas velocities for Models A and B. Model A – Shaeffer[20] frictional 
viscosity model, frictional pressure based on KTGF and ߶௠௜௡ ൌ ͲǤ͸ͳǤ Model B – Frictional pressure and viscosity model of Johnson & 
Jackson[22] and ߶௠௜௡ ൌ ͲǤͷͲ. 
 
    It is therefore necessary that the frictional stress and viscosity are well modelled in order to describe the fluid 
dynamics of dense beds appropriately. In this regard, we tested a different frictional pressure and viscosity model, 
observing the effects of these variations on the lateral dispersion coefficients. We believe that the value of solid 
volume fraction ߶௠௜௡ at which we introduce the effects of frictional stress also plays a significant role in lateral 
solid mixing, since it affects bubble size and shape[21]. To investigate the effect of this on our numerical results, we 
ran the simulations using a different frictional stress model, and changing the value of   ߶௠௜௡. 
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    Figure 4 shows ܦ௦௥  at different superficial gas velocities for models A and B. In the former, we modeled the 
frictional pressure using KTGF and the frictional viscosity using Shaeffer’s model. We switched on the effect of 
frictional pressure when ߶௠௜௡ ൌ ͲǤ͸ͳ. In Model B we used Johnson & Jackson’s[22] model for the frictional 
pressure and viscosity, switching on the effect of frictional flow regime when ߶௠௜௡ ൌ ͲǤͷͲǤWe observed from 
Figure 4 that model B gives a lower, and better, prediction of ܦ௦௥  than model A. This can be attributed to the fact 
that the frictional pressure predicted by Johnson’s model is higher than the one obtained from the kinetic theory. 
This has a profound effect on bubble size and shape; this is because it determines the porosity of the compaction 
zone around the bubbles. The higher frictional pressure is, the smaller is the compaction of solids around the bubble 
interface. This, therefore, increases the porosity of the compaction region around the bubbles, making the latter more 
leaky, and resulting in smaller bubble size. Furthermore, we switched on the effect of the frictional flow regime in 
Model B at a lower solid volume fraction. The effect of this is that Model B captures more regions in the frictional 
flow regime, and therefore increases the effective viscosity of the granular assembly. These effects, consequently, 
led to a reduction in the rate at which particles mix laterally, and hence a lower, and better,  ܦ௦௥  than that predicted 
by Model A. 
6. Conclusions 
    We investigated lateral solid mixing in fluidized bed using the Eulerian-Eulerian modeling approach. We defined 
ܦ௦௥  by an equation analogous to Fick’s law of diffusion. Our simulation results revealed that ܦ௦௥  increases with 
superficial gas velocity. We studied the effects of frictional stress models and ߶௠௜௡ on  ܦ௦௥ . A better prediction was 
observed using Johnson et al.[22] frictional stress and frictional viscosity models. The results suggest that lateral 
solid mixing is very sensitive to how we model the frictional flow regime. The study also reveal that the solid 
volume fraction at which the bed is assumed to enter the frictional flow regime plays a significant role in 
estimatingܦ௦௥ . To obtain more accurate predictions, better closures for the frictional stress need to be developed.  
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